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Integral formulas from the theory of holomorphic functions of several variables 
are applied to explicit treatment of the analytic functional calculus for commuting 
operators in Banach spaces (commutative Banach algebras). Among others the 
integral formula of Henkin in smooth convex domains, is used. An application is 
also given to commuting normal operators in Hilbert spaces. 0 1986 Academic Press, 
Inc. 
The analytic functional calculus for commutative Banach algebras or 
commuting operators has been known for a long time. Adaptations of the 
Cauchy-Weil integral formula provided the basis for this functional 
calculus [l]. However, in contrast with Dunford-Schwartz calculus, the 
analytic functional calculus for several variables was rather inexplicit. Only 
recently, in the case of the analytic functional calculus for several com- 
muting operators in Hilbert space, more explicit treatement of it has been 
given by Vasilescu [8]. Namely, he has found the explicit form of the 
Cauchy-Weil kernel for the analytic functional calculus developed by 
Taylor in [7]. Nevertheless, his kernel has rather complicated form. It 
turns out that existence integral formulas from the theory of holomorphic 
functions of several variables can be easily adapted to give more simple 
representation. We should, however, restrict o special holomorphic 
functions or special domains in 42”. An application fthese special formulas 
we shall give are at hand, but we hope they can be also applied in other 
situations. 
We start by recalling the analytic functional calculus of Taylor. Let E be 
a complex Banach space and let D be a bounded domain in C”. Suppose 
we are given T = (T, ,..., T ,), a commuting tuple of bounded operators in E. 
Assume that the Taylor joint spectrum a( T, ,..., T,) is contained in D. Then 
the mapping 
o(D) 3 f + f( T1 ,..., T,J 
1 =- 
i (274” ” 
R(z- T)f(z)dz, A ... A dz, 
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is continuous in norm topology of L(E) (the algebra of bounded linear 
operators in E), where O(D) is the algebra of all holomorphic functions in 
D with the topology of uniform convergence on compact sets. Moreover 
1 + 1, and zi --t Ti, i= l,..., n [7]. 
As we have mentioned before, Vasilescu has found a Martinelli type for- 
mula for this functional calculus in a complex Hilbert space. Applying 
various integral formulas of holomorphic functions we shall find now a 
more simple expression for f( T, ,..., T,). 
I 
Let D c C” be a bounded convex domain given by a defining function p, 
i.e., 
D= {zEC, p(z)<O}, 
where p is of C* class in an open neighbourhood of d and 
($..., $) #O on aD= {z~@“,p(z)=O}. 
The usual differential operator d is given by 
d=a+& where 
and similar formula for 8. Denote 
ap 
Pi( . )‘z,9 
Now following Henkin, define the (n - 1, n) differential form Q(r) by 
a=; dz, + ... 
1 
+; dz, 
n 
c, = (n-l )!/( 21ti)“. 
Q(t) = c,, 1 ( - I)“- ‘I, A /j dpjK) A &, 
s=l i#S 
d{=dt, A *-’ A dr,. 
Let 
w59 z) = f PAcxts - zsh (&z)caDxD. 
s=l 
Denote by A(D) the Banach algebra of all continuous functions on b 
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and holomorphic in D. Then for every z E D and f E A(D) we have the 
following formula of Henkin [3]: 
f(z)= SiD.f(T)M(5,z)-"s2(5). (1) 
Assume that K= a( T, ,..., T,) c D. Then for every 5 E aD the operator 
is invertible inL(E). This is clear because 
4w5, T))= LlA= i p,(4)(5,-WA, (w I,..., W,)EK . 
S=l 
We have 
PROPOSITION 1. Let D = {z E C”, p(z) < 0} be a bounded, convex domain 
in C”. Assume that o(T ,,..., T ,) the Taylor joint spectrum of T is contained in 
D. Then for every f E A(D), 
f( T, ,...> TJ= [ f(<)W& T)-“Q(5). (2) 
dD 
Proof Since M(& z)-” is holomorphic with respect o z E D, we have 
M(<, T)-“=(2ni)~“J‘UR(z-T)M(<,z)- A dz. 
Hence by (1) 
=(2W”f R(z-T)(j 
D FlD 
f(t)W<,z)-‘Q(IL)).dz 
=(2xi)-“jDR(z-T)f(z) A dz=f(T,,..., T,). 
The proof is complete. 
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Remark 1. The same proof works for the analytic functional calculus in 
commutative Banach algebras. 
Remark 2. Jakobczak has found an elementary proof of (2) without 
any a priori knowledge of analytic functional calculus, but his proof is long 
and complicated [4]. 
Formula (2) gives a relatively simple way to computef( T, ,..., 7’,). Com- 
paring it with a Martinelli type formula of Vasilescu [8, p. 15891 we see 
that (2) is more simple (does not contains the adjoints of T,). It depends, 
however, essentially on D =I CJ( T, ,..., T ,). Here are examples of applications 
of formula (2). 
EXAMPLE 1. Suppose that T,, T2 is a commuting pair of bounded 
operators in a complex Banach space and a( T,, T,) c B= 
(ZE C*, IzI < 1}-the unit ball in C*. Assume that 
(u) II WL T)-211 GNlt;l- Wk, for 15l>l,A>O,k>O, 
where 
W5, T)=KI*-%A 42T2. 
We claim that 
II (T: + 73” II 6 Cnzk, 
for n sufficiently large. 
In fact, 
K: + t:,” Wt, T* Q(t), R> 1. 
Hence 
Il(T4+G)“II~c, j ,~,~R~IC:112+I~212~“II ML T)-*It C&J 
QC,C2R2”(R-1)-ko(c2?R), 
where cr denotes the surface measure on aB, = { (1 I C$ ( = R}. put R = 
n/(n -k). Letting n ‘--) cowe have 
and the claim is true. 
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Note that in particular (a) holds (with k = 2 and A = 1) for any double 
commuting hyponormal operators T,, T, in a complex Hilbert space, and 
such that a( T,, T,) c B. 
EXAMPLE 2. Suppose we are given T, ,..., T,,, a commuting tuple of 
operators in a complex Hilbert space. Let K,,..., K be a commuting tuple 
of trace class operators. Assume that TiKj = KjTi, for every i, j. If 
cr( T, + K, ,..., T , + K,) and C( T, ,..., T ) are contained in a bounded, con- 
vex domain D={z~@“,p(z)<O}, then for any YEA(D), 
f( T, + K, ,..., T, + K,) - f( T, ,..., T,,) is trace class. In fact, 
&M) T;~P,(~)K,=~P,(~)K;~P~(~)T~ 
s P P s 
for 5 E dD, so applying formula (2) we obtain the desired result, 
Remark 3. One can extend formula (2) to more general domains con- 
sidered by Range and Sin in [63. Since these formulas are very complicated 
and we do not know any non-trivial pplication of them, we will not for- 
mulate them here. The interested reader can consult [4] for their for- 
mulation. Applying Proposition 1 we also have 
COROLLARY. Let B, = {z E C”, 1 z 1 <s}. Suppose we are given a com- 
muting n-tuple T, ,..., T , of operators in a complex Banach space. Assume 
that 
II T, II *+ . . . + II T, II *< r’. 
If f E A( B,), where r > r’, then 
II f( T, ,...f Tdll G Ilf IIm (1 -r’lr)Y. 
Proof: Assume for simplicity hat n = 2/ but the proof is the same for 
arbitrary n/. 
If I< I = r, then we have 
Writing 
5, = [e”, t2 = (r* - [*)‘/*@, OG[<r,t,0E[O,2R), 
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one can easily compute that 
Hence 
T2QW ~llfll,~~4(1-~~/~)~2~r2~r2~dp II 0 
= Ilfll,(l -f/f-V2 
and the proof is complete. 
II 
In this section we will find a simple application fintegral representation 
in n-circled domains in C”. Namely, assume that n-circled domain D c @” 
has explicitly known Cauchy-Szego kernel h(& z): B x D + @. 
Following [2] define Q(& z) = 2h(5, z) - 1. Suppose we are given T= 
CT, ,..., T ), a commuting n-tuple in a Banach space such that 
4 T, ,..., T ,) c D. By the result of [2] for every holomorphic function 
f: D --) C with positive real part (Re f 2 0) there exists a positive measure 
v, supported on a closed subset Mc c?D such that 
f(z) = fM Q(5, z) dv(5) + i Im f(9 (3) 
where z E D and f E D, is fixed. Since Q(r, z) is holomorphic with respect o 
z E D, we can repeat, by using (3), the reasoning given in the proof of 
Proposition 1. 
PROPOSITION 2. Let D be as above. For T= (T, ,..., T ,), a commuting 
tuple in a Banach space such that cr( T, ,..., T ,) c D and every holomorphic 
function f in D with positive real part we have 
f(T, ..., TJ= [ Q(t, T)dv(5)+iImf(W A4 (4) 
As an application of (4) let us consider the following problem: If 
T 1 ,*-*, T , act in a complex Hilbert space H, and f is holomorphic in D with 
Ref>O, then is Ref(T ,,..., T,) 20? It is well known that the answer to 
this question is yes for general contractive representation f function 
algebras (cp: A + L(H), 11 p(u) )I < (I u)I, A is a function algebra), see [S]. 
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By using (4) one can try to answer the above question for a non-contrac- 
tive case. Assume, for example, that D = B (the unit ball in UY) and 
D(T, ,...’ T,,) c B. Then 
Q(L T)=2 (I- ;, CA) “-I, 5caB. 
If ReQ(<, T) > 0, 5 E aB, then surely, Ref( T, ,..., T,) 3 0. 
Put n = 2 and denote S, = c, T, + r2 T,. We have 
Q(<, T) = [2Z- (I- S,)‘](Z- S,)p2. 
Thus for y=(Z-S,))‘x,xEH, 
(Q(5, T)x, xl = 2(~, U- S,J2 Y)- II (I- &I2 Y l12. 
Denote (I- Sc)2 = A,. Then 
ReQ(5, T)>,O iff lIA,A12~2Re(.0ty), 
i.e., 
A,*A, <A$ + A,. 
Finally, 
ReQK, T) B 0 iff 1)2S,-S,2II<l. 
It follows that ReQ(<, T) B 0, if I/ S, 1) 6 & - 1. One can also find a similar 
condition for n > 2. Since the Cauchy-Szergb kernel is known in several 
cases (symmetric domains, the class of Zinowiew [lo] etc.), the above 
problem can be analysed in all these cases. 
III 
In this section we will give an application to the analytic functional 
calculus of integral formulas from the theory of H’“’ spaces over tube 
domains in C”. We start by recalling some definitions. 
Let Lf denote the Hilbert space of all functions g in iw” with finite norm 
II A+.,= l I dxV(1 + lx12Y~x~ SER. 
Denote by H, the space of all distributions which are the Fourier transform 
of functions from Lf. Iff E H,7 and f = Fg, g E Lf, then )I f I( ,s =& I/ g (( ,V,. Let 
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C be an open, connected cone in R” with 0 vertex. Denote by C* its dual 
cone, i.e., C* = { 5 E R”, (5, X) > 0 ). 
The Cauchy kernel for the domain p = R” + iC c C” is given by the for- 
mula 
K-(z) = j,. e’(‘, 5 d<, z E Tc, 
see [9]. 
Denote by H’“‘(C) the Banach space of all functions holomorphic in rC 
with finite norm 
II f II (s) = sup II f(x + iY) II J. 
YE c 
By Theorem 1 of [9, Sect. 10.61, we know that 
f E H’“‘W) 
1 
*-(f+(X’),Kc(Z-x’))=f(z), 2n)” ZE TC, 
= 0, ZE T-C, 
where f, (x’) is the boundary value of f(z) in H,, as y + 0, y E C, and 
(f,, r) denotes the value of the distribution f, on r. We have the 
following: 
PROPOSITION 3. Let T= (T,,... T,) be a commuting tuple of operators in 
a complex Banach space X with the dual X*. Assume that a( T, ,..., T ,) c Tc, 
for a certain open and connected cone C with zero vertex. Then for every 
f E H’“‘(C), x E X, and x* E X*, we have 
(f( T, ,..., TJx, x*) = ice f+ ({)(ei(T1r*+ ‘.. + Tn5n)x, *) dt, (5) 
where f + denotes the boundary value of f(z) in H, (as the distribution), as 
y -+ 0, y E C, andf, is the Fourier transform off + . 
Proof First of all note that for any UE A’, u* EX* the mapping 
H’“)(C) 3 f + (f(T) u, u*) is continuous. Since the Schwartz space S( Rn) is 
dense in H, and both sides of (5) are continuous on H, it is enough to 
prove it in the case f + E S(Iw”). Let D be a bounded domain in @” such 
that a( T, ,..., TJcDc TC. Then 
(f(T) u, u*)= s D fl5)(N5 - T) u, u*). 
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On the other hand, by the definition fK, one can easily check that 
(+) (K,(T) u, u*)= I (e’%, u*) d& c‘* 
where T<= T,t, f ... + T,,<,. Since 
f(t)= j+f+b-TW-x’)dx’, for 5 E Tc, 
we can write (also by ( + )), 
(f(T) K u*) = (271)~” s, f(O(N5 - T) 4 u*) 
= (2x)-” j” [ j- f, (x7 &A5 -xl) dx’] (R(t - T) u, u*) 
=(2cn;f+(x7 [ s, K,(t - x’)(R(t - T) u, u*) 1 dx’ 
= (2n)-” [ f, (x’)(&( T- xl) u, u*) dx’ 
= (2~)~” 1 f, (x’) Ice (e’(T-X’)’ u,u*) dr dx’ 
= 
I c* 
(eiTr u, u*)(2n)-” [ f + (x’) e-ix” dx’ dr 
= 
i 
(eiT’ u, u*) f+(r) dr. 
c* 
The proof is complete. 
It turns out that formula (5) is valid under less restrictive assumption. 
Namely, it is enough to assume that a( T, ,..., Z”,) c R” + iC; here c denotes 
the closure of C. Surely in this case operator f(T, ,..., T,,) is not bounded in 
general. Therefore, we define for f E ZP) (C), 
D,= x, 
r 1 
lIeiTcxll If+(t)1 d<< +UJ . 
c* 
Later we shall find, when Dr is dense in X, that 
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Choose j E C such that a( T,,..., T,) + kjc p, for every E >O. Then 
operators TEk = Tk + i&j1 are also commuting and by (5) we have 
II S(TAx -f(T)xIl d Ic If+ (01 II eiTS(e-E(t*y)- lb II4, x E D,P 
For R>O denote by 
Take q > 0 and choose R so large that 
2s I f+ (r 1 I II Px II & < 0. C’\ZR 
For this R choose E so small that 
sup le-&(S.Y)- 
5EZR 
1 I * Iz, If+ (5) I II eiT5x II 4 < $2. 
We have 
and so 
IIf(TJx-f(TblI <II 
lim f(T,)x=f(T)x, 
c-0 
for every x E Df 
Now natural arises a question for which fand T the linear manifold D, is 
dense in X. We shall not study this problem in general, but instead we 
restrict ourselves to the following: 
COROLLARY. Let f E H”‘(C) and let T= (T, ,..., T ) be a commuting 
tuple of normal operators in a complex Hilbert space. Assume that 
o( T, ,..., T ) c Iw” + ic. Denote by E( . ) the spectral measure of T. Then, 
expC - 2(b, 4111 dt) 4&)x, x) < +a~ 
> 
c of, 
here z = a + ib and C* is the dual cone of C. 
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Proof: We have to show that L c D,. Let x E L. Then 
I If+(S)1 IIeiT5.XI/ 4 C’ 
= 1 [I expC 
112 
- 26 01 d@(z) x3 4 I .f+ (5) I4 C’ d T) 1
=l,.fL,(j 0 1 
112 
1 (1 c* 1 a(T) 
112 = If+(t)l’d exp[ - 2(b, 014&b, x1 & 
112 
expC - 2(b, t)ldt W(z)x, x) < +co 
o(T) C* 
and the proof is complete. 
EXAMPLE 3. Let C = IlX; = {x E OX”, x, > 0, s = l,..., n}. In this case 
C* = C. Suppose we are given commuting, normal operators, T, = A, + iB, 
s.t. a( T, ,..., T ) c R” + iC and there exists (B, . . . B,) - ’ densely defrned in 
A’. Then D,r is dense in X, for every f E H”‘(C). In fact, we have 
s exp[-2(b,<)]d5=pb,.*.bn C’ 
and so for x in the domain of (B, *. . B,) ~ ‘, 
expC - W, 014 Wzb, x1 
= s o(T) 2-“(b1 . ..b.)-‘d(E(z)x,x)=2-“((B,...B,)-’x,x)< +a. 
Since the domain of (B, . .. B,)-’ is contained in L and L c D, by 
corollary, soD, is dense in X. 
Remark 4. The formula f( T)x = SC* f+ (5) e’” d<, f E H’o’(C), x E D,, 
can also be extended to unbounded commuting normal operators Ti,..., T, 
such that o(T, ,..., T ) c Iw” + ic. 
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